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1. Introduction 

The plane elasto-plastic problem is a simplified formulation of the problem 
to determine the stresses in some medium around an infinite cylindrical 
hole. Assuming a state of plane strain the problem is reduced to a for- 
mulation in the plane of the complex variable z=x+iy with a hole bounded 
by some closed curve B. It is required to find the stresses taking assigned 
values on the boundary ]3 and at infinity, which conditions give rise to a 
plastic region that surrounds the hole and an elastic region being the 
remaining exterior. The main problem is to determine the contour C that 
separates the plastic from the elastic region such that the stresses are 
continuous functions throughout the exterior of the boundary B. If this 
contour has been found the problem divides into a pure plastic problem 
and a pure elastic one so that consequently the stresses can easily be ob- 
tained. 

In the following we are concerned with a general method of solving the 
plane elasto-plastic problem. After having dealt with the basic equations 
of elasticity and plasticity the relations on which the method is based are 
derived. Finally we will be occupied with some indications concerning the 
numerical treatment of these relations. 

The stresses are described by means of the elements crx, cry and ~'xy of 
a symmetric stress-tensor. These elements satisfy the equilibrium-condi- 
tions: 

3cr x 3~'xy 
--+ - 0 (i) 
3x  Oy 

3V'xy 8cry 
+ 

3x 3y 
0 (2) 

which equations are fulfilled by the Airy stress-function U(x, y) if 

crx = Uyy 

cry = Uxx 

~'xy = - Uxy 

In elasticity the function U is a biharmonic function, whereas in plasticity 
this function satisfies a hyperbolic differential equation. 

If ~ denotes the angle of rotation between the coordinate-axes and the 
two orthogonal directions of the principal stresses crl and cr2 at some point 
(x, y) then 

~• = (r + p cos 2~ (3) 
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Cry = c ~ -  p COS 2~ 

rxy  = p s i n  27  

' (11 

Fig. 1. 

(4) 

(5) 

where for brevity we have put 

1 

o = �89 - ~2) 

(6) 

(7) 

In addition to the equations (i) and (2) Hooke's law must be fulfilled in the 
elastic region which leads to the biharmonic equation for the stress-function 
U. In the plastic region however a plasticity-condition must be satisfied. 
This means that O (the radius of Mohr's circle) is some given function of 
c~ from which two hyperbolic equations for c~ and 9 will be obtained. 

2. The basic equations of elasticity 

We shall briefly go into the connection between the plane elastic problem 
and the theory of functions of a complex variable. As indicated in the 
preceding section the stress-function U satisfies the biharrnonic equation 

a a u = o (8) 

Therefore two functions ~? and X exist such that 

U = Re[z~(z) + Z(z)] (9) 

where z denotes the conjugate of the complex variable z. From this result 
the following relations of Kolosov-Muskhelishvili are obtained: 

O" x + Cry - 2 [?'(z) + ~p'(z)] (i0) 

Cry - ax + 2i~'xy = 2Egg"(z) + Z"(z)] (Ii) 

Cry - Gx - 2i~'xy = 2[Z?"(Z)+ X"(z)] (12) 

In plane elasticity one of the fundamental problems is the determination 
of the elastic equilibrium, given the resultant vector (X, Y) of the external 
stresses applied to the boundary of some cavity and the stresses at in- 
finity. If @ denotes the derivative Z' then the functions ~ and @ must have 
the form 

~p(z) = 2~r(l+K) log z + + ic z + ~o(Z) (13) 

K(X - iY)  [_ ] 
•(z) = 2~(l+a) log z + -~ + it z + ,o(Z) (14) 
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H e r e  ~o a n d  r a r e  f u n c t i o n s  h o l o m o r p h i c  in  t he  e x t e r i o r  of  the  c a v i t y  
( i t  i s  a s s u m e d  t h a t  t h e  o r i g i n  o f  c o o r d i n a t e s  l i e s  in  t h e  i n t e r i o r ) .  T h e  
c o n s t a n t s  p ,  q a n d  t a r e  t h e  s t r e s s e s  a t  i n f i n i t y :  

(yx(OO) = p 

Cyy(~) = q 

~'xy(OO) = t 

and c is an unessential constant that does not influence the stresses. Be- 
cause we have to do with the derivatives of the functions ~ and @ we shall 
denote these derivatives by ~ and ~ instead of the functions itself. Thus 
the ~quations of Kolosov-iViuskhelishvili become 

~x + ~y = 2 [~(z) + ~(--D] (15) 

(~y - Crx + 2iTxy = 2[zo'(z) + @(z)] (16) 

(~y - Crx - 2i~xy = 2[z~'---~ § ~--~-)] (17) 

where ? and @ have the form 

""-'" ,el+ ~(z) : - 

~(x-iY) I/z+ [-s + it]+ *o(Z) (p(z) = 2~-(1+fr 

( 1 8 )  

(19) 

the functions ~o a n d  ~o being represented by 

~,o(~) : ~ g__k 
k=2 zk (20) 

k ---- 2 7 ( 2 1 )  

3. The basic equations of plasticity 

As pointed out in the first section the plastic region in the exterior of 
the boundary B of the hole is that region where the plasticity-condition is 
satisfied. This condition defines /3 as a function of c~ from which we shall 
derive two hyperbolic differential equations for the quantities o-and ~. 

According to (3) and (5) the stresses (~x and rxy are respectively 

+ p cos 29 

and 

p sin 2~ 

Differentiating with respect to x and y we obtain from (i) if p' dp �9 =-~ 

8o- 3~ p, . ~  8~ = 
(i + p' cos 2~) ~ - 2p sin 2~ ~--~+ sin 2~ + 2p cos 2~ -~ 0 

The stresses ~rxy and ~y are respectively 

(22) 

p s i n  2~ 
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and 

- p cos 2 9 

Again differentiating with respect to x and y it follows from (2) that 

~+ 2 p c o s  29 89 Oct 89 = p'sin2~ 8x ~-~-+ (l-p'cos 29)~-~ + 2psin 29~-~ 0 (23) 

The equations (22) and (23) constitute two quasi-linear equations of the 
first order. In order to find the characteristics we utilize the property 
that in a linear combination of (22) and (23) differentiation occurs in a 
characteristic direction. Multiplying the equation (22) by sin ~ and the 
equation (23) by cos X and subtracting them we obtain, leaving the sig- 
nificance of X as it is 

[-sin X + p'sin (29-X) ] 80" ~-~ + 2p cos  (29-X) ~ + 

[ c o s  k -  p' co s  (29-X)] 8(1+ 2p s in  (2~-k)  8~ = ~y ~-~ 0 (24) 

Se t t ing  

cosX- P' cos (29 - X) _ sin (29- X) 
-sin X+ p' sin (29 - X) cos (29 - X) 

= t g g  

we obtain 

-sinksin (29-X) + p' sin 2 (29-X) = cosk cos (2~-X) - p' cos 2 (29-X) 

or 

c o s  2 (9-x) = p' (25) 

Thus  fo r  r e a l  c h a r a c t e r i s t i c s  the cond i t ion  Ip, l< 1 m u s t  be s a t i s f i e d .  
However this is obvious from the fact that 

d._p_p = c o s  a ( 2 6 )  
de  

where ~ is the complement of the angle between the tangent at the envelope 
of the circles with radius p(~) and the ~-axis in Mohr's diagram. 
Hence 

cos  2 (~-X) = co s  

Fig. 2. 

and consequently 

2(~- X) = +_ (27) 
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from which we find that 

tg  u = tg  ( 2 ~ -  k) = tg  (~ ~-7)  

s o  t h a t  

a ( 2 8 )  u = ~ + _  7 

T h u s  we o b t a i n  f r o m  the e q u a t i o n  (24): 

sin( ~ +-~) + cos e sin(~ + ~ + 2p cos(~? $ 2 8x + 

[c a 2) ] ~YYa~ K'a~=2'ay os(~ +_ 2 ) - c o s  a cos(~ 7- + 20 sin(~ -7 0 

A p p l y i n g  s i m p l e  g o n i o m e t r i c  s u b s t i t u t i o n s  the  f o l l o w i n g  f o r m u l a s  f o r  the  
c h a r a c t e r i s t i c  e q u a t i o n s  

s i n  a os  ~1 ~ + s i n # l  + 2p os  ~1 ~-~ + s i n  #1 = 0 

a n d  

-sin c~ os /~2 ~ + sin /~2 + 20 os ~2 ~-~ + sin /~2 = 0, 

where ~1:9+2 and ~2=~?-2 ~ are easily derived. These equations can also 

be written in the form 

8~ a_p_ = 0 (29) sin ~ ~ + 2p 8/~i 

a~ a~ = 0 ( 3 0 )  -sin ~ ~ + 2p 

Putting finally 

:..f s i n  dc~ (31) 

the characteristic equations take the simple form: 

a ~  + 8,~ = 0 (32) 8/~i 8/Ji 

a~ 8~ _ 0 (33) 

Thus the stresses, taking assigned values on the boundary B, can easily 
be found by means of the equations (29) and (30) or (32) and (33) in the 
plastic region. 

4. The  r e l a t i o n s  on wh ich  the m e t h o d  is  b a s e d  

In this section we derive the basic relations for the method to deter- 
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elastic. 

Fig. 3. 

mine the unknown contour C thaL separates the plastic from the elastic 
region. The equations of Kolosov-Muskhelishvili: 

+ : 2 ( 3 4 )  

(~y - (~x + 2i~'xy = 2 [ z  ? ' (z )  + • (z) ]  (35) 

Cry - (~x - 2i1"xy = 2 [Z ~'(Z) + r (36) 

hold in the elastic region, especially on the contour C. Thus, if we con- 
sider this contour, the stresses in the left members can be taken as being 
determined from the assigned values on the boundary B by the method of 
characteristics in the plastic region, whereas the functions ~ and @ refer 
to the elastic region. In this sense the equations (34), (35) and (36) are 
only valid on the contour C. 

If z=~) is a conformal mapping that Lransforms the (unknown) contour 
C in the complex z-plane into the unit-circle in the complex t-plane then 
the Fourier-series of both members of the equations (34), (35) and (36) 
must be identical on the unit-circle in the t-plane. As regards this 
conformal mapping it is assumed that the exterior of the contour C 
in the z-plane is mapped onto the interior of the unit circle in the com- 
plex t-plane such that ~0(o)=0o. ]Because the mapping is a one-to-one cor- 
respondence having a simple pole at ~=o the function ~0(~) can be represented 
by: 

= C ~(~) ~-+~'o +~'z ~ +~'s~* + ~'3~ 3+ ... (37) 

Since the argument of the coefficient c is arbitrary this constant can be 
assumed to be positive: 

e > 0 

Thus the point is to determine a conformal mapping such that both mem- 
bers of the equations (34), (35) and (36) are identical on the unit-circle 
in the ~-plane. Indeed the equations of Kolosov-Muskhelishvili are then 
fulfilled on the contour C in the z-plane. Suppose the left members of the 
equations (34), (35) and (36) to be mapped on the Fourier-series: 

o-x + Cry- - . , .F (o- )  = ~ c,.,o-~, ( %  = a,,) (38) 

a n d  

~y  - a x 2 i~-xy  ~, G(cr)  = ~ d n o-n ( 3 9 )  

s o  t h a t  
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Cry - crx + 2i~'xy ~'G(cr) = ~ d_ncr n (40) 

where cr=e i@. The functions ~ and @ in the right members of the equations 
(34), (35) and (36) are power-series of i/z. Since 

1 = 

Z--~ = I~+ "yo+ "yl~ +'y2~2 +...]k IC +'yo~ +'yl~2 +'y2~3 + ...]k 

where [c+~/o~+Tl~2+y2~3+...]-i can be written as a series of non-negative 
powers of ~ it follows that ~ and @ have the expansions 

~(~) = ~ ak~ k (41) 
k--0 

and  

@(~) = ~ bk~ k (42) 
k,~0 

�9 P+q = - �89  and  b l = - ~ l .  T h u s  it f o l l o w s  w h e r e  o b v i o u s l y  R e ( a  o)=-T-% bo 
f r o m  the e q u a t i o n  (34) t ha t  = 

2an  = en ,  n >i 1 (43) 

Moreover 

Co = p + q (44) 

and  

b l  =- ~fil (45) 

If  the  r e s u l t a n t  v e c t o r  (X, Y) of  the e x t e r n a l  s t r e s s e s  at  the  b o u n d a r y  
B v a n i s h e s  then  a p p a r e n t l y  the c o e f f i c i e n t s  a 1 and  b I v a n i s h .  S i n c e  

d__~ = d~ d___~z = 
~'(~) = d~ d--z " d~ ~'(z). to'(~) 

the e q u a t i o n s  (34),  (35) and  (36) b e c o m e  a f t e r  the  c o n f o r m a l  t r a n s f o r m a t i o n  

F(cr) 2[ (cr) + (46) 

G(cr) ~--- 2 

Now a p p l y i n g  the C a u e h y - o p e r a t o r  to the e q u a t i o n  (47): 

1 O(cr)dcr_  1 ~d 9'(cr) @(cr)dcr 
2~ri ~ ~ act * 1  ~ - -$-  ~ - 

where ~ < I we find that 

1 G(cr)dcr 1 ~k 
2 -i k--O (7 k+l 

= ~ dn~ n 
n=0 

1 2~ _ ~ dlol{~kk+lad@ = 
dcr = ~ f 1 ~k=O 

o 
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and 

k=0 (y i 
0 

R o = P - q it 
2 

~k 
(y k+ i 

o-dO = 

Putting 

~'(~) : ~ xn~ n 

and passing to the limit I~I = 1 we find, since 
2~ S. 1 ~k t ~ ~tlGl-~ - ~ I G d 0  = 

2~ri-- ~' G k=0 = 

-= ~ )tn ~n 
n=O 

t ha t  

2kn = dn, n >i 1 

2Xo = do + p - q + 2it 

In the same way we find from (48) that 

d_ n = 2X_ n + 2bn ,  n >/ 1. 

T h u s  we h a v e  f r o m  (45) e s p e c i a l l y :  

2~_i = d-i + 2 ~ta 1 

(49) 

(50) 

(5i) 

We have put 

(52) 

Therefore: 

or 

+To + T 1 ~ + 7 2 ~  2 + . . .  ~ I + - ~ - - + ~ - T + . - .  = 

[ - o ~  + ~1 + ~ + ~ ~ +. �9 .] _.~ ~ ~  

Equating the coefficients of Gk in both members we find, if k ~ 0: 

mamTm+k_ 1 = -Xk_2 e + ~ toXin+k-1 "~m Fn=l 1~1=1 

From (49), (50) and (51) it is evident that 

(53) 

k > 0 (54) 
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Thus neglecting terms of order higher than n in the expansion of ~0(~) we 
obtain the relations: 

k=l: alT1 + 2a2T2 + 3a3T3 + . . . . .  + nan'yn = -k-le + kl"Y1 + 2k2~/2 + . . . . .  +nkn'yn 

k=2: afT2 + 2a273 + ..... +(n-l)an-ITn = -A-oC + k2"YI + 2A-3"Y2 + ..... + nA~+l~Zn 

etc. - ...... 

8.1T n = - ~ _ 2  n + ) tn~ '  1 + 2 ~ + f Y  2 + . . . . .  +n}t2n_19 n 

"I(55) 
If we consider the constants ak and Xk as coefficients then we have a 

set of n homogeneous" equations. Evidently 7o does not occur in these 
equations. This is explained by the fact that 

~'(~) ~ + 2~2~2 + 3~s~s + . . .  ~2 I - ~  + 2~2~2 + 3~3~3 + . . .  1 

co'(~') c -~-~ + ~/1 + 2~2~" + 3~'3~ -2 + . . .  - c  + ~ 1 ~  2 + 2~'2~3+ 3"ya~ 4 + . . .  

n~3 "n~n 

i s  a p o w e r - s e r i e s  of  ~ in w h i c h  the  c o n s t a n t  t e r m  /~o v a n i s h e s .  I n d e e d  the  
v a l u e  of  3'o d o e s  n o t  a f f e c t  the  i n t e g r a l  

1 "Yo ~' 1 3/o ~' ~k 2rr ~k 
To r - ~o  /~i 

2~i~' ~-~ d~ :-~-~i~-~ ~ ~--f~+Id~ = k : 0  ~0J 51 -~-~-~d0 : 0 

If the values of the coefficients in the equations (65) are known, then we 
can solve these equations so that c, TI,72,T3 .... are determined up to a 
factor of proportion. This means that the mapping ~0(~) has been found 
up to a s i m i l a r i t y - t r a n s f o r m a t i o n .  In  c a s e  of  c e n t r a l  s y m m e t r y  c l e a r l y  the  
c o e f f i c i e n t s  To, 'Y2,~/4 . . . .  ; a ~ , a 3 ,  a5 . . . .  a n d ) t _ ~ 0 k ~ , k a  . . . .  v a n i s h .  In c a s e  
of  s y m m e t r y  wi th  r e s p e c t  to the  x - a x i s  in  the  z - p l a n e  the  c o e f f i c i e n t s  
3 'o ,71 ,'Y2 . . . .  a r e  r e a l .  G e n e r a l l y  h o w e v e r  we n e e d  a n o t h e r  e q u a t i o n  to  o b -  
t a i n  the  v a l u e  of  3'0. L e t  u s  a g a i n  c o n s i d e r  the e q u a t i o n  (47): 

o r  

2 c + To + 'Y1 o - + . . .  ~-1 + (3- + + ' "  bn 
~ dn o~n = + 2 ~ -  

Thu s 

2~/2 3 ~3 + [--CO-2+~1 - f - - - -~+-~- . -  , . -J 

+ 

A s  r e g a r d s  the l e f t  m e m b e r  we  p u t  

_~ dncrn = 2~%+,yo  + , y l ( y + . . . ~ E ~ l  

pnff  n 

2~2 3~S -1 + + : 
-St  "+-- iJ 

so that 
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Pn = - c  dn. 2 + ~" k~k dn+k-1 (56) 
k=l 

Thus Pk is the coefficient of G k in both members. It follows therefore from 
the right member that 

Pk = -2  Ckak  + 2 ~; r a r  Vr+k-1 + 2 [-b.k+ 2 C + ~ r b-k-r+1 Tr~ (57) 
r=l r=l 

Therefore, approximating the function ~ by the first (re+l) terms of its 
expansion (42), we obtain for k=0,-I ..... -(m-l) a set of m equations 

in which To, b2, b8 ..... b m are considered as the uni~nowns, the coefficients 
bo and b I being 

bo = -�89 ( p -  q) + it (58) 

b l  = - Kal (59) 

Thus in order to determine To it is necessary to calculate te function ~. 
Finally, as regards the determination of the factor of proportion it is 

observed that hitherto we did not utilize the condition (44): 

Co = P + q (60) 

Thus the mapping-function @(~) must be such that this condition is satis- 
fied. 

Before occupying ourselves with the numerical treatment of the relations 
obtained up to now we will consider an example: Let the boundary B be 
a circle with radius R to which a normal loading f is applied. Because of 
the central symmetry we have that 

a I = b I = 0 

The boundary-condition (44) must be satisfied: 

Co = p+q (61) 

Let the plasticity-condition be 

p= k 

where k is a constant. At the boundary B we have the stresses 

G 1 = 2k+f 

o" 2 = f 

Fig. 4. 
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Application of the equations (32) and (33), the characteristics being log- 
arithmic spirals r:ae• '~ (where %=~-~r/2), yields the following expressions 
for the stresses: 

r 
cr x = cr + pcos 29 = 2klog-~ + k + f - k cos 2~ 

cry = c r _  P c o s  2~  = 2 k  l o g ~  + k + f + k c o s  2 ~  

~'xy = p s i n  2~  = - k s i n  2 ~  

f r o m  w h i c h  w e  f i n d  t h a t  f o r  t h e  p l a s t i c  r e g i o n :  

r 2 z~ 
crx + cry = 2klog~-2 + 2k + 2f = 2klog~-~ + 2k + 2f 

cry - crx - 2irxy = 2k cos 2~ + 2ik sin 2~ = 2ke 2i~ = 2k z (62) 
z 

Let us consider the conformal mapping 

C 
Z = -~+To +'Yl[ +'Y2[ 2 +'Y3[ 3 +- - .  

B e c a u s e  o f  t h e  c e n t r a l  s y m m e t r y  t h e  c o e f f i c i e n t s  3 ' o , ~ / 2 , ~ 4  . . . .  v a n i s h .  
N e g l e c t i n g  t e r m s  o f  o r d e r  h i g h e r  t h a n  2 n  w e  o b t a i n  t h e  f o l l o w i n g  e x p r e s -  
s i o n  f o r  cry - c r x -  2i~ 'xy 

Oy - crx - 2 iTxy 

w h e r e  

C 
= 2 k  ~ +  3'1~ + "Y3~ 3 + . . . +  T2n- l~  2a-1 = 

__ - ~2n-I C + ~'I~ + ~3~ 3 +... + "Y2n-1 

+ + . . + ~ 2 n - l ~  + 2k~[~ 9'i~ T3~ 3+. T2n-I [-~o ~2 ~2 + ~4~ 4 +.-~ 

1 
=X o + X2~ 2 + X4~ 4 +... 

C +'yl~ 2 +9'3~ 4 +'y5~ 6 +...+'Y2n_l~ 2n 

F r o m  

: * . . . .  + + . . . ]  

w e  o b t a i n  t h e  r e l a t i o n s  

XoC = 1 
XoTI + X2C : 0 
XoT3 + X23'I + X4C = 0 

Xo~/k + X2]'k-2 +...+ Xk_49/3 +"]Ik_2Tl + XkC = 0 

(s3) 

T h u s  t h e  F o u r i e r - s e r i e s  G ( a )  i s  

2kFc cr 2n-l] - X4 --~-L-~ + ~Ylcr + T3 cr3 +" �9 �9 + "Y2n-i [Xo + x_~+ ~-~ +. . .] 

and consequently we have from the relations (49), assuming that t=O: 
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2kk = dk = 0, k i > 2 n - i  
2X2n-2 = d2n-2 = 2k XoT2n-i 
2X2n-4 = d2n-4 = 2k (XoT2n-3 + x2T2n-l) 
2~2n-6 = d2n-6 = 2k (XoT2n-5 + X2T2n'3 + :~4T2n-l) _ (64) 
etc., 

2 k o  = d o  + p - q = 2 k ( x o T 1  + x2"Y3 + K4"Y5 + .  �9 �9 + X 2 n ' 2 " Y 2 n ' l ) + P  

L e t  u s  c o n s i d e r  t h e  e q u a t i o n s  ( 5 5 ) :  

k=2:  
k=4:  
e t c . ,  

k = 2 n - 4 :  
k = 2 n - 2 :  
k=2n:  

2a-2"Y3 + 4a-4"Y5 + . . .  + (2n-2)a2a-2"y2a-1 = - k o c  + k2~i + . . .  + (2n-1)k2n"~2n-1 
2a2"Y5 + . .  �9 + (2n-4)a2n-4T2n-1  = - k 2  c + ~.4rF1 +. �9 �9 + (2n-1)k2n+2y 2n-1 

....... i 
. . . . . . .  (65) 

2a2T2n-3 + 4a4T2n-I = -k2n-6 c + k2n-4Tl +. �9 �9 + (2n-l)).4n-6~2n-i 
2a2"Y2n-1 = -)t2a-4c + )t2n-2"Yl + . . .  + (2n-1)k4a-4~2n-I 

0 = -k2n-2C + k2n~1 +. . .  + (2n-1)k4n-272n-1 

Now kk=0 f o r  k >I 2 n - i .  F r o m  the l a s t  e q u a t i o n  in (65) i t  t h e r e f o r e  fo l -  
l o w s  t h a t  ~.2n.2=0. F r o m  the s e c o n d  r e l a t i o n  in  (64) we t h e n  f ind  t h a t  T2n-l=0. 
C o n s e q u e n t l y  we o b t a i n  f r o m  the  ( n - l )  th e q u a t i o n  in (65) t h a t  k2n-4=0 so  
that from the third relation in (64) it is found that "Y2n-3=0 etc. In this 
way we find that 

}to = X2 = X4 . . . . . .  0 

and 

T3 = T5 = T7 . . . . . .  0 

s o  that 

= c 

tO(~) "~" + "Y I~ '  

From ko=0 we obtain 

2kxoT 1 + p  - q = 0 

T h u s  

T1 = ~ c  =~C 

whe re 

-p 

In order to determine the factor c we have the condition (61). 

Gx + cry = 2klog c2(i +[3~)(i + /32) + 2k + 2f- 2klogR 2 

we find for I~I = i: 

~rx + Cry = 2klog c 2(I +/3cr)(l +~) + 2k + 2f - 2klogR 2 

Therefore 

From 
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C2 
Co 2k log ~ + 2k + 2f 

Consequently 

e 2 
p + q = 2k log ~2- + 2k + 2f 

from which we find for the constant c: 
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1 
c = Re2--~[ ~ -f-k] 

Thus the mapping is given by 

~-+ 2-~k ~ 
which function represents an ellipse with semi-axes c(I+/3) and c(l-~). 

5. The numerical  method 

To solve the elasto-plastic problem using the relations which have been 
derived in the preceding section a relaxation-method can be applied. To 
some given set of variables c, ~/o, TI, 3/2 ..... Tn corresponds a transfor- 
mation-function t01(~) that maps a curve C1 onto the unit-circle in the 
complex ~-plane. Let us start from the idea that the equations (34), (35} 
and (36) refer to the contour CI. Application of the equations (29) and (30) 
yields stresses in the region bounded by CI. Thus from a (generally num- 
erical) Fourier-analysis on the left members of the equations (34), (35) 
and (36) coefficients c k and d k are available. Then from the relations (43) 
coefficients ak, k i> 1 follow and from the relations (49), (50) and (51) 
coefficients kk, k >I -i are obtained. In this way coefficients ak and Xk 
are added to the set of variables c, 70, 71, 3/2 .... 7n. 

If the equations (55) and (58) and the condition (44) are denoted by 
fi( c, To, TI, T2 .... Tn)=0 then the positive semi-definite function defined by 

e q u a l s  z e r o  f o r  the s o l u t i o n  of the p r o b l e m .  T h e r e f o r e  one  c a n  f i n d  t h i s  
s o h t i o n  by  m i n i m i z i n g  the  f u n c t i o n  S; s t a r t i n g  f r o m  an  i n i t i a l  p o i n t  on the s u r -  
f a c e  S one  h a s  to  c h a n g e  i n  s o m e  w a y  the  v a r i a b l e s  e ,  o , ~ 1 , ' , / 2 ,  . . . .  7 n  
s u c h  t h a t  S d e c r e a s e s .  H a v i n g  t h u s  f o u n d  a n e w  p o i n t  t h e T p r o e e s s  i s  r e -  
p e a t e d .  In  o r d e r  to s t u d y  s o m e  m o r e  d e t a i l s  l e t  u s  c o n s i d e r  a n  e x a m p l e :  
L e t  the b o u n d a r y  B be a c i r c l e  w i th  r a d i u s  a to w h i c h  a n o r m a l  l o a d i n g  
f i s  a p p l i e d .  B e c a u s e  of the  c e n t r a l  s y m m e t r y  a l = b t = O .  L e t  the p l a s t i c i t y -  
c o n d i t i o n  be 

p = (or + ao) sin /3 

At the boundary B we have the stresses 

a l  = f ( t  + 2X) + 2k 

c~ 2 = f 

w h e r e  
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a n d  

X ~ sin 
1 - sin/3 

Fig. 5. 

Application of the equations (32) and (33), the characteristics being log- 

arilhmie spirals A exp [+__ 0 tg ~] (where 0=~-7r/2)yields the following ex- 
pressions for cr and p: 

cr : (1 + k )  f (~)2x + k 

(r) 2x-  1 
+ k (r)2X 

s 

Thus we obtain from 

crx = cr+ p cos 2~ = or-p cos 2~ 

cry = cr- p cos 2~ = cr+ P cos 2~ 

"rxy = p sin 27 = P sin 2~ 

that for the plastic region 

Crx + cry = 2 

~y - crx - 2i~xy = 2 [ ~  + k]  ( ~ f % 2 i ~  

L e t  u s  c o n s i d e r  t h e  c a s e  t h a t  a : l ,  k : l ,  {3=7r/6, s o  t h a t  X : I .  W e  t h e n  
h a v e  t h e  f o l l o w i n g  s i m p l e  e x p r e s s i o n s  f o r  t h e  p l a s t i c  r e g i o n :  

crx + cry = 2(2  z z  - 1) (86 )  

Cry - crx - 2i~'xy = 2 z  2 (67)  
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T h e r e f o r e ,  a p p r o x i m a t i n g  the m a p p i n g  func t ion  (37) by 
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c ~3 + 5 
z = ~ - + 7 1 ~  + 7 3  vs~ + 7 ~  7 + 7 9  ~9 

(the coefficients c,71,73,75,77,79 beeing real because of the symmetry 
with respect to the x-axis in the z-plane) we find that 

k. u J 

Consequently we obtain from the relations (43): 

2a 2 = c 2 = 4 (cT1 + 7~73 + 7375 + 7577 + 7779) 

2a4 = c4 = 4 (cT3 + 7175 + 7377 + 7579) 

2a6 = c6 = 4 (c75 + 7177 + T379) 

2 a 8  = e 8  = 4 (CT7 + 7179) (68) 

and from the boundary-condition (44): 

4 (c 2 + ],i 2+ 732+ 752+772 + 792) - 2 = p + q (69) 

From the expression: 

c (73 (~y - (~x - 2 i T x y  = 2 ( ~ +  TlC~ + 7 3  + T s c r  5 + y T ( y  7 + 7 9 ( y 9 )  Z. 

we obta in  as  a c o n s e q u e n c e  .of the r e l a t i o n s  (49) and (50), a s s u m i n g  that  t=0: 

2ko = do + p - q = 4c71 + p  - q 

2k2 = d2 = 2712 + 4c73 

2X4 = d4 = 4c75 + 47173 

2)t6 = d6 = 2732 + 47175 + 4c77 

2)t8 = d8 = 47375 + 4717~ + 4c79 

2Xio = d l o =  2752+ 47377 + 47179 

2)t12 = d12 = 4757~ + 47379 

2k14 = d14 = 2772+ 47579 

2X18 = d16 = 4T779 

2 ) t 1 8  = d 1 8  = 2 7 9 2  

F i n a l l y  we have  f r o m  (55) the equa t ions :  

k=2 : f l  = -; toC +~t2T1 

k=4 : f2 = - k 2 c  + k 4 T 1  

k=6 : f3 = -X4c  + h-6"Y1 

k=8 : f4  = -A6c  + ~-8T1 

k = 1 0 : f 5  = - A s c  + ~tl0'Y1 

(70) 

+ ( 3 X 4 -  2a2)73  + (5k6  - 4 a 4 ) 7 5  + (7)~8 - 6a6)'Y 7 + (gk10 - 8 a 8 ) T  9 = 0 ~  

+ 3)[673 + (5X8 2a2)75 + (7XIO 4a4)77 + (9X12 6a6)79 

+ 3~t873 + 5AI075 + (7A12 2a2)77 + (9k14 4a4)79 

+ 3~tI0"73 + 5k1275 + 7k1477 + (9)t16 2a2)79 

+ 3A1273 + 5~-14'75 + 7A16"77 + 9A18T9 

(71) 
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The unknowns c, 71, T3, T5, 77, 79 must satisfy the condition: 

+q 
2(c 2 + 712 + 732 + 752 + 772 + 792 ) - 1 = p (72) 

It is observed that in this example a numerical Fourier-analysis is not 
necessary; from (68) and (70) the coefficients in the equations (71)are 
available from given values of c, 71, 3'3, 75,77, 79. 

If p=q then the equations (71) are solved by 71=73=75=77=79=0 so that 
from (72) we obtain for the constant c: 

c -- + c731 

Thus is case p=q the curve separating the elastic from the plastic region 

is a circle with radius {�89 + ~ f ~ }  �89 

To  f ind f o r  d i f f e r e n t  v a l u e s  of p and  q the so lu t i on  of the p r o b l e m  r e -  
l a x a t i o n  is  app l i ed .  A s i m p l e  m e t h o d  is  to m i n i m i z e  the func t ion  

5 

by changing alternately the variables in the direction of their axes such 
that S decreases. After such a modification of the variables a correction 
must be applied because of the condition (72). However such a correction 
can disturb the improvement of the function S. This can be avoided by 
putting 

f6 = 2( c2 + T12 + 732 + 752 + 772 + 792 ) - i P + q 

and minimizing the function 

6 

i=l 

F u r t h e r m o r e  th i s  s i m p l e  m e t h o d  g e n e r a l l y  b r e a k s  down b e c a u s e  of r i d g e s  
tha t  o c c u r  on the s u r f a c e  S. Then  it is  e s s e n t i a l  to s t a r t  a ne~v s t a g e ,  
i.e. to change the directions in which the variables are modified. This is 
done inRosenbrock's process, which process was used to solve the equa- 
tions (71) with the condition (?2). As regards the starting point it is ob- 
served that if p=q the solution is known from (?3). Therefore it is recom- 
mendable to vary the quantities p and q starting from p=q; the start of 
the next calculation is then the result of the preceding one. The following 
results were obtained: 

1,414 
1,3911 
1,3912 
1,3657 
1,3386 
1,3082 
1,2733 
1,414 
1,403 
1,385 

Yl 

0 
-0,044 
-0,0450 
-0,092 
-0,1415 
-0,1961 
-0,2555 

0 
-0,1809 
-0,2835 

73 

0 
-0,0006 
-0, 0007 
-0, 0035 
-0,0053 
-0, 0182 
-0,0274 

0 
-0,0113 
-0,0328 

75 

0 
0 
0 

-0,0004 

-0,0006 
-0,0029 
-0,0059 

0 
-0,0013 
-0,0076 

7~ 

0 
0 
0 
0 
0 

-0,0005 

-0,0019 
0 

-0,0002 
-0,0028 

19 

0 
0 
0 
0 
0 

-0,0001 

-0,0006 
0 

-0,0012 

3 
3 
3 
3 
3 
3 
3 
3 

3,5 
3,75 

3 
2j75 
2,75 
2,5 
2,25 
2 

1,75 
3 

2,5 
2,26 

accuracy 

0,01 
0,001 
0,01 
0,01 
0,01 
0,01 

0,01 
0,01 

hr. of stages 

0 
3 
4 
3 
I0 
7 
6 
0 
3 
7 



1,732 
1,7260 
1,7043 
1,7050 

71  

0 

-0,1458 
-0,3034 
-0,3034 
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~3 75 77 79 

0 0 0 0 
- 0 , 0 0 5 6  - 0 , 0 0 0 5  -O,0001 0 
- 0 , 0 2 9 2  -0,0058 -0,0014 -0,0003 
-0,0290 -0,0056 -0,0014 -0,0004 

P q 

5 5 
5,5 4,5 

6 4 
6 4 

accuracy 

0,01 
0,01 
0,00002 
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nr. ofstages 

0 
4 
4 
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Fig. 6. 

For high values of the stresses p and q the approximation of o~(~) ap- 
peared to be insufficient. It is then necessary that some more coefficients 
in the approximation are taken into account. Starting from the mapping- 
function 

c ~5 ~7 ~9 
Z = -~ + T I ~  + T3~  3 + T5 + Tq + 79 + T l l~  11+ T13~ 13 + "F15~ 15 

one obtains the required equations in a similar way as in the preceding 
example. By minimizing the function 

9 
s: Ifil 

i=l 

where eight functions fl, f2 ..... f8 are obtained from the equations (55) and 
f9 is constituted by the condition (44) the following results appear 

2,35 
2,289 
2,226 
2,150 
2,053 

71 

0 

-0,109 
-0,225 
-0,360 
- 0 , 5 2 q  

73 

0 
-0,003 
-0,012 
-0,032 
-0,081 

T5 

0 
-0,0001 
-0,0013 
-0,006 
-0,026 

77 

0 
0 

-0,0002 
-0,0013 
-0,011 

Y9 

o 
o 
o 

-0,0004 
-0,0052 

711 

0 
0 
0 

-0,0001 
-0,0027 

713 

0 
0 
0 

-0,0001 
-0,0014 

716 

0 
0 
0 
0 

-0,0007 

P q 

I0 10 
I0 9 
I0 8 
I0 7 
i0 6 
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3,606 
3,495 
3,405 
3,306 
3,190 
3,1053 

`/i 

0 
-0,216 
-0,371 
-0,545 
-0,752 
-0,904 

T3 

o 
-0,006 
-0,021 
-0,048 
-0,102 
-0,175 

"/5 T7 

o 0 
-0, 0004 0 
-0,0022 -0,0003 
-0,0088 -0,0023 
-0,028 -0,01 
-0,0~Sq -0,042q 

' L ~ . -  i TM I 
I X !  , 

I /  

Y I I  " 
k I, / 

",.II / 

: I I  

K II , ;  
; i " - J  J - /  P 
, ,  I] q 

Fig. 7. 

"19 

0 
0 
0 

-0,0006 
-0,0041 
-0,02~2 

,|I III ira_! 

T l l  

0 
0 
0 

-0,0002 
-0,0018 
-0,0183 

ih 'I 
i i 

V~ z- 
- p , ;  

q.'15 

713 

0 
0 
0 
0 

-0,0008 
-0,0119 

Y15 

0 
0 
0 
0 

-0,0004 
-0,0067 

P 

25 25 
25 22 
25 20 
25 18 
25 16 
25 15 

To improve accuracy one could try to apply successive approximation. 
However generally the matrix of coefficients in the equations (55) is ill- 
conditioned. 

Finally it is observed that a relaxation-method as pointed out above can 
be generally applied to obtain the solution of the elasto-plastic problem. 
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